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THE 9-NEUMANN SOLUTION TO THE INHOMOGENEOUS
CAUCHY-RIEMANN EQUATION IN THE BALL IN C”
BY
F. REESE HARVEY AND JOHN C. POLKING'

ABSTRACT. Let & denote the formal adjoint of the Cauchy-Riemann operator 3 on
C", and let N denote the Kohn-Neumann operator on the unit ball in C". The
operator ¢ o N provides a natural fundamental solution for df = g on the ball. It is
our purpose to present the kernel P for this operator & o N explicitly—the coeffi-
cients are exhibited as rational functions.

1. Introduction. The 3-Neumann problem was proposed by Spencer. The motiva-
tion for the problem comes from a desire to solve the inhomogeneous Cauchy-
Riemann equations. This problem was successfully carried through by Kohn (see [K]
and [FK]). However, none of the kernels shown to exist by Kohn are explictly known
even in the simplest cases. It is our purpose to present one of these kernels explicitly
(the coefficients of the kernel are rational functions).

Let D C C” denote the unit ball. Let & denote the formal adjoint of 3 with respect
to the euclidean metric on D, and let N denote the Kohn-Neumann operator (see §2
for the defining properties of N ). The operator P = ¢ o N is a modified fundamental
solution for 3 on D; i.e., if K is the Bergman projection, and if ¢ is a smooth form on
D, then

¢ = 0Pp + P3o + Ko.
In §2 we will present the kernel of P explicitly.

In §3(A) we will derive five properties of the kernel of the operator P. In §3(B) we
will start with these five properties and show that they uniquely determine a kernel
P(¢$, z) which must then be the kernel of 4 o N.

In §4, motivated by the kernel P on the ball, we describe a kernel for solving
0f = g on a general strictly pseudoconvex domain. Then we put P({, z) into an
alternate form which makes certain properties of P more accessible. For example,
applying the identity above with ¢ replaced by x ,g, where g is a smooth form on D
and x , denotes the characteristic of D, yields

Xp8 = 0(P(xpg)) + P([6D]*' A g)

if 3g = 0. Thus, in order for f = P(x pg) to solve 5] = g on D, one must show that
P([9D]*' A g) vanishes. This is immediate from Theorem 4.14 which proves, in
particular, that the part of P tangential in { vanishes on |{|= 1.
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In related work Charpentier [C] has presented an explicit kernel C(¢, z) which has
the property that C¢ = P if ¢ is a 9 closed 0, 1 form. Harvey and Polking [HP2]
have presented a representation for the 0-Neumann kernel on the ball in C” while
Stanton [St] has presented a representation for the 3-Neumann kernel on the
unbounded ball in C”. Phoung [Ph] has given an asymptotic expansion for the
0-Neumann kernel in some generality.

2. Statement of the main result. Let D = D, denote the unit ball in C”, and let bD
denote the boundary of D. We consider the euclidean metric on D; and on forms we
adopt the convention that the inner product is generated by the relations

(dz;, dz;)=8,;.

Let L$+9 denote the space of p, ¢ forms on D with square integrable coefficients
together with the inner product

(2.1) (¢, %) =fD<¢,¢> dA(z).

P4 = DP9 D) and 679 = 679 D) will denote the spaces of smooth forms of
bidegree p, ¢ which have compact support in D and which are smooth on D,
respectively. The corresponding spaces of all forms will be denoted by L%, ®D*, and
b*.

Let & denote the formal adjoint of the operator d with respect to the inner product
(2.1). We have

22 vo=- 2 5 (5500
The 9-Laplacian is 0 = 39 + 89. For ¢ = 3 ¢,,dz’ A dz’ € &*, we have
(2.3) D¢=2(A¢”)dzl/\dz_’,
where
_ n 82

Let K denote the L projection onto the null space of (. The operator X is called
the Bergman projection, and its kernel, the Bergman kernel, is given by

(2.5) K(¢, 2) = Qmi)"[de-d(§ —2)]"/ (1§ -2)""".
e,
(26) Ko(z) = [ K(5.2) no(5), s €Lt

The conventions to be used in interpreting (2.6) and other such formulas used in this
paper are explained in §2 of [HP1]. Briefly, all dz’s are moved to the left in the
product K(¢, z) A ¢({), and then only terms of bidegree n, n in { are integrated.

Let

(27) g for
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A form ¢ € &* satisfies the d-Neumann conditions if

(2.8) Z1¢=0 and ZJ3¢=0 on|z|=1.
The 9-Neumann problem is to solve the equations
Ou=f for|z|<1,

Zlu=0, Z1Wu=0 for|z|=1.

J. J. Kohn has shown that for each f € L, there is a unique ¥ € L3 for which

Ou=f—Kf for|z|< 1,
(2.9) Zlu=0, Z1ou=0 for|z|=1,
Ku=20 for|z|< 1.

The operator N: L¥ — L% defined by Nf = u, where u satisfies (2.9), is called the
Neumann operator. In addition to its defining property (2.9), the Neumann operator
has the following properties:

(2.10) KoN=NoK=0.
(2.11) INe = NOp, ¢ € D*.
(2.12) N = Nio, ¢ € D*,
(2.13) No € &6* if ¢ € b*.

For a complete exposition of the 9-Neumann problem see [FK].
It is our purpose here to present explicitly the kernel P(¢, z) of the operator ¢ o N.
First we recall some classical kernels.

Let
b=Qmi) |§ =z (§— 2)-d(§ — 2).
Then
(2.14) B(¢t,z)=bA(3b)"!

is the Bochner-Martinelli kernel in C" and satisfies
(2.15) 9B =[A] onC"XxC",
where A denotes the diagonal in C” X C”", and [A] is the current given by integration

over A. (Note that the coefficients of B are locally integrable functions on C” X C".)
Let

(2.16) a=Qmi)'(1-¢ -2)7"'¢ -d(¢ - 2).
Then
(2.17) S(¢,z) =aA (3a)""

is the Cauchy-Szego kernel on D, and satisfies
(2.18) 9S=K onD X D.

Finally, in order to describe P, we introduce a new kernel A(¢, z).
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DEFINITION 2.19. Foreach 1 <k <n — ], let

(2.20)
w,=z-d(¢—z) N -d(§—z) A[dz-d(¢— )T ALdE a(¢ - 2)]"

Also, let
n—k n—i—1
(221) Xk — (—l)k_|(2m')_" 2 ( _/ )o-j,rj—n’
= k—1
where
(2.22) o=1-¢ -z and 7=1-z-{—Z-{+|zP|§P

Then the kernel 4 is defined by

n—1

(2.23) A5 2) = 3 X8 2) oy

k=1
Now we can state the main result.

THEOREM 2.24. The kernel P({, z) corresponding to the operator % o N on the unit
ball in C" is represented explicitly as

(2.25) P=B—S+04,
where B is the Bochner-Martinelli kernel, S is the Cauchy-Szegi kernel and A is a new

kernel defined by (2.23).

The proof will be given in the next section.

Several equivalent descriptions of the new kernels 4 and P will be given in §4.
There is one other description of 4 that we wish to mention immediately because of
its elegance.

PROPOSITION 2.26. The kernel A defined by (2.23) can be rewritten as

n—1
(2.27) A=anBA T (Ba) " A(38)" T,
k=1
where
_ 1 ¢-d(§—2)
(2.28) a=5— 5
and
(2.29) B:L(f—f)'d(f—z).
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PROOF.

A= 2 X kW
k=1

@ri)"'S S (1) ("I ez a2

k=1 j=1

A -d(E = z) Aldz-d(¢ = 2)]* 7 AldE -d(e—2)]" !

= Q7)™ 2 oIz d(E —2) AT 'd(f—z)/\[df -d(§~z)]j;I

Akg.(n;:f_l 0 s = 1 AL a2

n—1
= Qwi)" Y ol d(E —z) A(§ - 7)-d(¢ - z)
J=1
A[dE -d(s = 2)] " Ald(§—2)-d(¢ —2)]" 7

n—1

=aABA Y (3a) ' A@B)"

J=1

3. Construction of the kernel P for 4 o N. The purpose of this section is to give the
proof of Theorem 2.24. In part (A) of this section we review five properties of 3 o N.
In part (B) we will show that these five properties uniquely determine an explicit
kernel P({, z) which then must be the kernel of 9 o N.

(A) Properties of ¢ o N. For the time being, let P({, z) denote the kernel of the
operator ¢ o N. Then

FNg(z) =f§P(§, D Ae(E), b ED

Let A denote the diagonal in D X D, and let [A] denote the n, n current in D X D
consisting of integration over A. The current [A] is the kernel of the identity operator
on D* (see §2 in [HP1]).

PROPOSITION 3.1. The kernel P(§, z) of the operator & o N has the following five
properties:

(@) dP(¢, z) =[A] — K(§, z) in D X D.

(b)3,P(,z)=0inD X D.

() ZIP(K, z)=0for|z|=1,|¢|< 1.

@PE 2)Nd(§,—2)=0,1<j<n.

(e) P is invariant under the diagonal action of the unitary group U(n) on D X D.

REMARK 3.2. The list of properties of the kernel P(¢, z) in Proposition 3.1 can
easily be reformulated as an equivalent list of properties of the operator P = ¢ o N
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(see [HP1, Theorem 2.8] for part (a)):

(a) ¢ — Ko = 0Pp + Pdp, ¢ € D*.
(b) 3Po = 0, ¢ € D*.
(c) ZIPp=0 for|z|=1, ¢ € D*
(d) P(dz; N¢) = -dz; N\ Pp, $ED* 1<j<n.
(e) P(u*¢) = u*Po, ue U(n), ¢ € D*.

In proving Proposition 3.1 it will frequently be more convenient to prove the
equivalent points of Remark 3.2.
PROOF. (a) By (2.9) we have OON¢ = ¢ — K¢, and by (2.11), (2.12),

ON¢ = 99N¢ + 39N$ = dPp + INIp = 9P + Pdo.

(b) Since 02_2 0,9P = 9*N = 0.
(c) By (2.9) Z1N(¢, z) = 0if | z|= 1. Thus there is a form (¢, z) such that

ZAN(s, 2) = (1 = 12P)A(8, 2).
Clearly, Z Jh({, z) = 0. But then
ZiP(§.z) = ZI(9.N({. 2)) = 9.(ZIN(S. 2))
= -9.[(1—12P)h(s, 2)] = - (1 = 12P)9.h(8, 2) = ZIh(S, 2)
vanishes if | z|= 1.
(d) Notice that
O(dz; A ¢) =dz; ANO¢.,  ZI(dz; N¢) = ~dz; N (Z 1),
and
K(dz; N ¢) =dz, N K¢.
It follows from (2.9) that N(dz; N\ ¢) = dz, \ N¢, and
P(dzj A ¢) = 19N(dzj A ¢) = ﬁ(dzj A N¢) = -dz; \ P¢.
(e) Letu € U(n). Then
d(u*e) = u*dp,  Mu*¢p) = u*d¢, O(u*¢) = u*0o,
Z(u*¢) =u*(Z1¢),  K(u*¢) = u*K¢,
and as before it follows that
N(u*¢) = u*Né, P(u*¢) = u*P¢.

(B) The kernel P(¢, z). Since 0P =[A] — K and (B — S) = [A] — K, there
exists an n, n — 2 current 4 on D X D such that
(3.3) P=B— S+ 94.

The kernels P, B, and S all satisfy Proposition 3.1(d), (¢). Thus 34 also satisfies

these conditions and, without losing anything, we may assume that 4 does too. We
will state the effect of these properties as a lemma.
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LEMMA 3.4. Suppose A is an n, n — 2 form on D X D which is invariant under the
diagonal action of the unitary group U(n) on D X D and satisfies A N\ d(§; — z;) = 0,
1 <j<n.Then

(3.5) A= "2 x($, 2)wy,
k=1

where the coefficients x , are invariant under the diagonal action of U(n), and
w0, = Z-d(§—z) AE -d(§ —z) Aldz-d(§ —2)]* T A[dE d(s - 2)]"
as in Definition 2.19.

Lemma 3.4 is an essential part of the analysis. It says in effect that up to
multiplication by an invariant function there is only one invariant n, n — 2 form
(with k — 1 dz’s and n — k — 1 d{’s). Lemma 3.4 reduces the problem to finding
the coefficients x,. The proof of Lemma 3.4 is tedious and uninspiring so we will
relegate the proof to an appendix and proceed.

Since the functions x,({, z) are invariant we can write

(36) Xk(g’ Z) = Xk(rs p,W,W)’
where
(3.7) r=|zf, p=|tPF, w=¢ -z, w=¢-Z

The problem now is to find the coefficient functions x,.
An easy calculation shows that ¢, B = #,S = 0. Thus using Proposition 3.1(b) and
(3.3) we have

(3.8) 994 = 0.
Notice that if the coefficients x, are invariant, then #,4 = 0 is automatic. Thus
30,4 = -8,9.4 = 0,
and (3.8) becomes
(3.9) 0,4=[93,+39]4=0.
Using (2.3) and (3.6) we see that
O.(xewi) = [Axx — 3x4/3r] @,

Thus the condition that &, P = 0 has been uncoupled into a set of scalar conditions
on the functions x,; namely

(3.10) Ax, — 9x,/9r =0, l<k<n-—1.
Notice that if

and if ¢ = ¢(r, p, w, w) is an invariant function, then

| % 3%  _ 0¢ d¢ d¢
A _ - rm * Y orew * Y arow + P awow * "or |
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Consequently (3.10) can be rewritten
(3.11) A, ixi =0, I1<k<n-—1.

Thus the invariant functions x, must be harmonic in D, .
Next we interpret the boundary condition (property (c) in Proposition 3.1) on P.
By (3.3) on|z|= 1 we must have

Z104A =-Z1B
=Qai)"(n=1)[§—2[P"2-d(§ —2) NE -d(§ - 2)
Ad(§—z)-d(¢—2)]"
n—1
= (@mi)"(n = )¢~ zr“kgl(-l)""(; “ ey
Using (3.5) this becomes, with Z, = Z + k,

(3.12)  Zxo= (-D"'Qmi)"(n - 1)(2:%)|§—zr2" on|z|=1.

Thus we have also succeeded in uncoupling the boundary condition on P into a set
of scalar boundary conditions.

Since x, 1s invariant, we may interpret (3.12) as an equation in D, , ,. Thus to find
X x we must solve the boundary value problems (3.11) and (3.12)in D, , ;.

We will solve the boundary value problem in two steps. First let

(3.13) ¢ = ZiXx-
Since A, ,Z, — Z,A,,, = A, ., ¢, must solve

An+l¢k(§7z)507 ZEDrH-l*
ou(6e5)= (D@m= DR g ebn,

This is the Dirichlet problem in D,,,, and with the given boundary data we can
solve for ¢, explicitly using the Kelvin transform (inversion in bD, . ). The unique
solution is

(3.14) #ul8.2) = () @m) (= (1 22 e,
where
(¢, z)=1—z-¢—Z-F+ 2P 1P
It remains to find a harmonic solution to (3.13).

LEMMA 3.15. Suppose ¢ is real analytic near the origin in C"*!. Then for k = 1 the
unique real analytic function x, such that Z, x = ¢, is given by

(3.16) x(z, 7) =j0‘¢(z, Z) % dt.

PRrOOF. Let
(b(Z) = 2 aaBZaZ—B'
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Thenif x(z) =2 baﬁz"‘ZB, we have
Z,x = 2 (k +1BDbyz".

Thus Z, x = ¢ if and only if byg = anp(k + |B])". The power series for x clearly
converges and we have

Ao, e
x(z,z')zzk_}_fﬁlz"‘z":zaaﬁz fot" (1z)? at

:fl¢(z,tz_)tk"a't.
0

In the case at hand we have, therefore,

Uy -2\ thlat
(3.17) x = (<1)*'@mi)"(n — 1)(" ) _ .
¢ k=1 f()(l—z-§—t2-§+t|z|2|§|2)
Notice that x, is harmonic in D, | and satisfies (3.13). Using the notationo = 1 —
¢ -z we have

Xk = (_1)k“‘(zm)‘"r—(k—)1;((’;)—_“fo'zk-'[ﬂ +o(1—1)]"ar.

The integral can be evaluated explicitly (substitute t = as/(os + 7(1 — 5))) and we
get

n—k .
(318) xe= (0 emy 3 (" o

S\ k=1
completing the proof of Theorem 2.24.

REMARK 3.19. The functions x,, 1 <k <n — 1, depend on n. For fixed k and n,

let p=k and ¢ =n — k, and let x, (r, p,w,w) denote x,({, z) considered as a
functionof r, p € R* and w € C. Let

az a2 82

_ _ 9° 0
S = T Y araw T P e T Pawaw T (P T D5,
and let
Z=rl 5y
» = "or T Wow P

Finally, let
Mpg = (‘l)p“‘(zm')-p_q(l’ +q— 1)( p— 1

Then the boundary value problem (3.11), (3.12) on D, , |, in the r, p, w coordinates,
becomes

(3.20) L =0 and Z,x,,=n onr=1.

p,qXp‘q p.q

Assuming one can guess the solution
(3.21) X1, = 1/07
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in the special case p = g = 1, the solutions x , , can be found in general using the
method of Dadok and Harvey [DH]. Namely, define x , , recursively by

(3.22) AXp.ge1 = 0X, o/ W,

(3.23) PXpi1q = —0Xp.q/3W,

and then verify that x, , satisfies (3.20) by induction. Perhaps it is also worth noting
that

(3.24) 90X, o/0r = pPX,41,, and 93x, /00 = prx,. ,-

4. Explicit kernels for other domains. Motivated by the expression for the kernel of
& o N on the ball derived in the preceding sections, we can give an explicit kernel for
a general strictly pseudoconvex domain £ C C” that retains many of the properties
of & o N. We will again denote this kernel by P({, z) and it is given by the same
formula as (2.25).

(4.1) P=B— S+ 4.
Here B(¢, z) is again the Bochner-Martinelli kernel (see (2.16)), S($, z) is a “Szego-
like” kernel given by

(42) S({, Z) =aA (ga)n—l‘
and (see (2.27))
n—1
) A =anBA'S (Bt A (387

k=1

We need only define the basic one-forms « and 8 for the domain £2.
Let r denote a defining function for € (i.e. @ = {z|r(z) <0}, vr # 0 on bQ)
assumed to be infinitely differentiable and strictly plurisubharmonic near 5. Set

(4.4) (8 z) =18 — 2P+ r($)r(2)

and

(4.5) B=(2mi) '+ ({—2)-d(¢ - z)

(compare (2.29); notice that if @ = D,, and r(z) =|z* — 1, then 7({, z) = 1 — ¢z
— S EH ISP,

To construct a we must work harder. It is instructive to first consider the case
when r is strictly convex. In this case set

u($)=0r($)/35,  1<j<n,
(46)  o(fz)=u(®) §—2) = r@§). a=Qmi) o u-d(§ - 2).
Since p is strictly convex, we have, by Taylor’s formula,

2Reo(¢, z) = 2Reu($)- (¢ —z2) — 2r(%)
= (¢) —|r(¢) + 2Re S g—;(f)(zj —6)| =€) = r(2) + R, 2),
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where the remainder term satisfies R({, z) = C|{ — z[>. Thus o is well defined and
not zeroin € X € — A,,. Thus a, 4, and S are well defined. In addition we have

(4.7) 2Reo($, z) = cr(8, 2).

In the nonconvex case we have to imitate the Henkin construction (see [H2] or
[O]). Let

n

052 =r(6) = 3 G~ )

1 i a{a{k(g‘)( gj)(zk_gk)'

Then o, is holomorphic in z and, by Taylor’s theorem,
2Reoy($,z) = —r(¢) — r(z) + R(¢, 2)
where | R(, z)|< C,|¢ — z . Since r is strictly plurisubharmonic we also have
R(¢,2) = G|¢ —zf if|¢ —z|<8.
Let
© = log o5(§, 2)8.[x(1z = §D].

where x € C{°(R) satisfies x(¢) = 1 if 1< 6/2 and x(¢) = 0 if 1 = 4. For ¢ suffi-
ciently small the form w is smooth and 9 closed in £, = {z|r(z) <} for all { with

|r(§)|<e. By standard arguments there is a smooth function y(§, z) defined for
[p(§)|<eandz € Q, such that 9,y({, z) = w, and y({, §) = 0. Set

(48) ot 1) = |0 2T iME = z<872,
’ ' X189~ if|¢—z|>8/2.
Then
(4.9) (¢, z) is holomorphic for z € Q, for fixed § with |r({)|<e.

0(§7§) :0'0({,{),
(4.10) Reo($,z2)= C[—r({) —r(z) +1¢— z|2] if|r($)],r(z) <e.
If we set G(¢,w, z) = o(¢, z) — o(¢, w) then G(§, z, z) = 0. By standard solutions

of the division problem there exist smooth functions gj(s“, w, z) holomorphic in
(w, z) such that

Gow.2) = S g(Eow. 2)(w, — 2,).

j=1
Since o(§, §) = 04(¢, §) = —r(§), we have
o($.2) = 2 g(8. 8 2)(8— z) — r(§).
j=1

Thus if we set u,({, z) = g,(§, &, z), we have
o($,2) =u(§, 2) - (§ = 2) = r(§).
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Now to define the 1-form a we choose ¢ € C*(C") with

[0 ifr(8) < —2e/3,
m”{l ifr(¢) > —e/3.

Then we define

(4.11) a= (2mi) " 9(§)a(§. 2) u(§, 2)-d(§ - 2).

By (4.10) o(¢, z) # 0 for ({, z) € @ X Q unless ¢{ = z € bQ. Thus the kernels S
and A defined by (4.2) and (4.3) are well defined on Q X Q. Furthermore S(¢, z) is
an n, n — 1 form with no dz’s because of (4.9). Thus the kernel

(4.12) K(¢, z) =38(¢, 2) = (0a)”
is an n, n form with no dz’s. From (4.1) and (4.12) we have
(4.13) oP(¢,z) =[A] — K(§, 2).

We will show later that K is a projection onto holomorphic ( p, 0) forms.
For estimating the kernel P it is convenient to separate it into its tangential and
normal parts in {, the variable of integration. This is achieved by calculating 94.

THEOREM 4.14. For ¢ near bS2, we have

Pt z)=bA(3b)" " = BA(B)" "+ r(H)E,
+Or(§) A Ey + r($)r(2)Ey + 3[r($)r(2)] A E,,

where
n—1
E(¢, z2)=-Qmi)" zoo‘f_"rf—"(f— z)-d(¢ —z) A[u-d(¢ — 2))’

Ad(§ = 2)-ds = 2)]"7

E$.2) = @ai)" X jo i ued(§ — 2) A (§ - 2)-d(§ - 2)

Jj=0

AlBu-a(s = )] Al - 2)-ag 2]

Ey(,z) = - (2wi)‘"j_§oo'f*'ﬂ*"u d(§ = z) A[Ju-d(s - 2)]/
Ad(§ —2)-d(s = )],
E%.2) = (2mi) :;O n=j = Do d(s — 2) A (E - 2)-d(§ — 2)
Aou-a(¢ — )] A[d(§ - 2)-d(x = 2)]"7

PROOF. We take { close enough to b so that ¢({) = 1. This is then a special case
of Theorem B.6.
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It will be useful to rewrite the result of Theorem 4.14. First notice that
n—1
[§ =22 == r(2)r()r s -2k,
k=0

Hence
bAEb)" " = BA(BB) = r(2)r(O)m K (8, 2),
where

(4.15) K\ z)= (277!')_"5 |§ = 220k (§ - 2)-d(§ - 2)
k=

0
Ad(§ - 2)-d(s—2)]""
Set
(4.16) Ky(¢ z) = E, + r(2)E, + 0r(z) N E,,
Ky(8, 2) = E, + r(2)E,.
Then by Proposition 4.4,
P&, z) =r(z)r(O)r 'K, + r(§)K, + 0r(¢) N K.

To facilitate the estimation of these kernels we note the following inequalities.

(4.17) =18 —z2P 4 r(2)r(€) <I¢ - 2P+ r(2)’ + r(¢) < Cr.
(4.18) C/lof<1<Go].

The first inequality in (4.17) is trivial. The second follows by showing that 7
majorizes each term. To show that T majorizes r(z)?, for example, we look for the
minimum point of 7(§, z) for { € Q, with z fixed. If the minimum occurs with
¢ € bQ, then 7(¢, z) = d(z, bQ)? = Cr(z)?. If the minimum occurs with { € Q, then
ve7(§, 2) = 0,50

1§ = 21= 21 r(2) 1] 7 (§) |

and, again, 7(¢, z) =|¢ — zF = C|r(z) -
This first inequality in (4.18) follows from (4.17) and the elementary inequality

la($, 2) 1< C(1¢ — 2| +Ir(§) ).

The second inequality is a consequence of (4.10).
The next proposition will summarize the results of the last few paragraphs.

PROPOSITION 4.19. We have
P({, Z) = P|(§,Z) + P2(§ﬂ Z) + P3(§’ Z)
where
P8 z) = r(2)r($)77'K(§, 2),
P2(§7 Z),: r({)Kz(f, Z) ' and P3(§’ Z) = 5"({) /\ K3(§a Z).
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The kernels satisfy the following estimates:
1K,\(§,2)|< CI¢ — 2] 2" |Ky($. 2)|< Clo['r'/2 7,
|K5(¢, z)|< Clo| /27,

Proposition 4.19 shows the character of the kernel P as exhibited by the three
summands. The term P, contains the singularity along the diagonal of £, but it has
the nice feature that it vanishes if either variable is on the boundary. The term P, is
smooth in @ X Q except on the diagonal of the boundary of Q. It vanishes for
¢ € bQ and satisfies an estimate that is elliptic in character. The last term, P;, is also
smooth on € X © except on the diagonal of Q. It satisfies the worst estimate, but
acts only on the tangential components of forms.

It is interesting to notice that the distribution transpose (not the L? adjoint) of the
kernel N for the 9-Neumann problem is the solution kernel for the d-Dirichlet
problem. Consequently, it is true on any strictly pseudoconvex domain that the
kernel of & o N has vanishing tangential part in { (the variable of integration).
Proposition 4.19 shows that it is this boundary property that the kernel P has in
common with the kernel of ¢ o N on general domains. This fact is of some
importance, since it is this property of P that enables us to use P to solve the
inhomogeneous Cauchy-Riemann equations on €. This fact is made explicit in (c) of
the next result and the following remark.

DEFINITION 4.20. Let 977 denote the space of p, ¢ forms on @ having finite
measures for coefficients.

THEOREM 4.21. Suppose rf, or N f € JN*.
(a) The integral

Pf(z) =f§€QP(§, 2) Af(E)

exists a.e. and Pf € L\ ().
(b) Suppose {¢,} is a sequence of bounded functions with compact support in Q,
which converges boundedly to the characteristic function of Q. Then

Pf= lim P(¢, ).
where the limit is in L (). L B
(c) Suppose, in addition, that rdf, dr N 3f € IM*. Then PIf € L) (Q), Kf €
L (Q) and
f— Kf = 0Pf + Pdf.
PROOF. (a) and (b) are immediate from Proposition 4.19.
To prove (c) choose ¢ € C'(R) such that

1, t1<-1,
v(r) = {O t=

]—

and set ¢,(z) = Y(kr(z)). Then since ¢, f has compact support in { we have
(4.22)

b f — K(df) = P(¢, f) + P3(o.f) = 3P, f) + P(9,0f) + P(3o, A ).
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Notice that if fis a ( p, o) form, then f € M P, so K(¢, f) — Kf. All other terms in
(4.22) except P(3¢, N f) converge using (b) and we get
f— Kf =3Pf+ Pof+ lim P(3¢, A f).
k— o0

Since 3¢,(§) = kw'(kr($))dr($),
P(3g, A1) = [P(5, 2) A kw/(kr(§))3r($) AS(S)

= [kr(Ow (kr())[ ()7 'K (8, 2) + Kol§, 2)] ABH(E) A (S).

Now 9r A f has measure coefficients. The remainder of the integrand is uniformly
bounded for z in compact subsets of £ and tends to zero pointwise as k — oo.
Therefore the integral converges to zero.

REMARK. Suppose rf, ar A f € O* and 9f = 0. Then by (c) of Theorem 4.21,

f— Kf = 9Pf.
Suppose f € O #+°. Then we have Pf = 0, since P({, z) N f({) is of degree at most
n — 1in d¢. Hence,
Kf=f iffEM?°and of =0,

so K is a projection onto holomorphic p, o forms as we have advertised. On the other
hand if rf € NP9, 0r A f € M 9%, and 9f = 0, then Kf = 0, so

f=0Pf ifrfEM”9 or A fEMP " and 9f = 0.

Thus P is a solution operator for 0 in Q.

The different characters of the pieces of the kernel P are reflected in the estimates
that each satisfies. We will give two examples. The first result (Theorem 4.23)
provides a more direct proof of the Henkin-Skoda Theorem [H], [S]. The second
result (Theorem 4.26) is an accumulation of estimates for the kernel P which are
standard for other similar kernels.

THEOREM 4.23. Suppose f and |r|"'/?dr A f € O*. Then Pf has boundary values in
L'(bQ).

PROOF. We will show that
(424) [ |PA(z)1dS(z) < C [ [LA) 1 +1r()[7218r(5) A £(5) 1] dA(F)
bR Q

for f having compact support in Q. The result then follows using Theorem 4.21(b).
We have

P f(z) =0, z€bQ,

P,f(z) = fﬂ r(§)K,(8, 2) AF(8),

Pyf(z) = fﬂ Ky(8,2) ABr($) ASR).
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Thus to prove (4.24) we must prove

[, JKa§. 2)1ds(z) < M),

f |K5(¢,2)1dS(z) < M|r(§)["?
zELQ

with M a constant independent of §.

For ¢ close to bR fixed, we need only estimate the integral over a neighborhood of
2, € bR, where z, is the closest point in b2 to { which also satisfies Im oy(§, z,) = 0.
We choose coordinates (y, w) € R X C"~! for bQ with y = Im¢,(¢, z) and w(z,) =
0. Then

l0(§, 2) 1= Clog($, 2) 1= ClIr(§) | +1y | +IwE],
1(8,2) =18 — 2= Cr(E) | +y| +wl)’.

In the first case | K,(¢, z)|< C|o['r'/27", so it suffices to estimate (with s =|w )

/00]-00 s 3 ds dy
0 Jo (1r(§) 1y + ) (r(§) 1 +y + )"
Sety =|r($)]y’, s =|r($)|s’ and this becomes

< LR s2" 3 ds dy _ »
<|r({)| /Ofo TN M)

In the second case we use | K5(¢, z)|< C|a 27>/, so it suffices to estimate

/°°/°° s2" "3 ds dy

00 (1r(§) 1 +y + 52 () +y + )"
< o pOC dyds _ oC dS _ 2 © ds
bl (17(2)] 4y +52)’ [ e SOy

Perhaps the most important application of the kernel approach to complex
analysis is the Henkin-Skoda Theorem [H], [S].

THEOREM 4.25. If T is a Blaschke divisor on & (i.e. rT € M) which vanishes in
H?(Q,Z), then there exists a meromorphic function F on Q in the Nevanlinna class with
the prescribed divisor T.

This result is a consequence of being able to solve d¢ = f with the estimates of
Theorem 4.23.

THEOREM 4.26. (a) For j = 1,2 we have
P, is of weak type (1,2n/ (2n — 1)),
WP fllg<Clfll,, 1/9=1/p—1/2n, 1<p<2n,
IP.flls. <Clfll,, «=1—2n/p, 2n<p<o.
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(b) For j = 3 we have
P, is of weak type (1,(2n +2)/ (2n + 1)),
WP fll,<Clfll,, 1/q=1/p=1/(2n+2), 1<p<2n+2,
IPsflla, <Clfll,, «=1/2=(n+1)/p, 2n+2<p<oco.
ProOF. Estimates of this type are fairly standard for explicit kernels of the type of
P, See for instance [HR] or [Kr]. We will give an outline only. See [GS] for a

complete discussion of estimates for the 3-Neumann problem.
From Proposition 4.19 and inequalities (4.10), (4.17), and (4.18) we see that

|P (S, 2)I<ClE—z% j=1,2.

Consequently, the first two parts of (a) follow from standard fractional integral
inequalities. Py = B — B), where B = b / (3b)""" is the Bochner-Martinelli kernel
and B, = B A (3B)""". The third part of (a) is standard for B. For B, we notice that

|v,B({ —2)|<Cr"< C'o’l_l»rl/z_"‘
Similarly we notice that
| V,Py($, z)|< Clof'r!/27m,

We have, for example, with 1 /p + 1/g = 1,
1

/9
9P ()1= [ f19.25 2R an)) i,

If we show that
(4.27) f(IOI"T'/z_")qu(I) < Clr(z)pri=o,
Q

then it follows that
| VP f(2)|< Clr(2)[P2 1l
and the inequality
1P, fllaa < Clfll,, a=1-2n/p,
follows by a standard argument.
It remains to prove (4.27). For z fixed but near bQ, we choose coordinates
(x, y,w) € R" with x = —r({), y = Imoy({, z). Then
o= C(r(2) | +x +1yl), 7= C(r(z)]+x + |y +w)’.
Thus it suffices to estimate

Il dx dy dw

ki (17(2) 1 H1x ] 1) (r(2) ] +x] +p] +w) @D

Settingw = ('r(z)l +|XI +|y|)w/ we get
_aw 2n(1-q)-2
',;12"_2(] +Iw|)q(2n—l) '{;’[("‘(Z)I-Hxl_*_lyl) dXdy

_ aw dx d
— 2n(1—gq) 24
)l f(l +|w|)"‘2"“"/f(1 x|y )OO




604 F.R. HARVEY AND J. C. POLKING

We now turn to the proof of (b). For the first two inequalities, we reduce the proof
to a theorem of Folland and Stein [FS] by showing

M EQ|IPy(L. 2) > 1) < Cr@n+a/@n+n,
Mz e QP8 2)|> 1) < Crr@n+d/@nth,

where C is a constant independent of z or §.

If ¢ is large and | P5(¢, z)|> ¢, then z and § must be close and near the boundary of
Q. Thus with z fixed, for example, the set of { where | P;({, z)|> ¢ is contained in a
coordinate patch with coordinates (x, y,w) € R X R X R*""2, where x = —p({)
and y = Im (¢, z). Then since

|Py(§.2)|= Clo[Pr¥/27,
and

lo|= C(1r(2)| +x + |yl +IwP) = C(x + [y +|wP),

2

1= C(r(z)|+x+ |yl +lw|) = C|w],

it suffices to show that

(4.28) AMU,) < Cr-@ntd/@nen,

where

_ 2
U = {(xopow) WP =2 (Ix ] +1y | +IwP)* < 1/2).
Under the diffeomorphism
x = t—2/(2n+|)xr’ y= [_2/(2'1+|)y/, w= l_l/(2"+l)w/,
U, is the image of U,. Thus
A(U;) — t—(2n+2)/(2n+l)A(UI).

Since A(U,) < oo, (4.28) is verified. The result with { fixed is proved in exactly the
same way.
To prove the third inequality in (b) we proceed as we did in (a). We notice that

| V.P5(¢, 2)|< Clof?r?/27 .
We will show that

/(|0|'3T3/2—n)qu(§) < Clr(z)’—q(]/2+(n+l)/p)
Q

if p > n — 5. The result then follows as before. Using the same coordinate system as
before, with the inequalities

lo|=C(1r(z)| +1x| +ly| +IwP), 7= CIwP,

we must estimate

JIJQrG) 1 +1x T+ +wR) ™ w9 ax dy dw.
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Settingw = (|r(z)| +|x| +]y])'/*w’ we get

fz . (] + |W|2)_3q|w|_(2"_3)"dw-//(|r(z)| +|x| +|y|)"_'_‘"+3/2)qudy
R2" 2

= C|,~(z)|-q(|/2+(n+|)/,,)
provided ¢ < (2n — 2)/(2n — 3) (or p > 2n — 2).

Appendix A: Invariant forms. One of the key elements in the identification of the
kernel of 4 o N is Lemma 3.4, which characterizes the n, n — 2 forms w on D X D
which are invariant under the diagonal action of the unitary group U(n) and satisfy

(A1) wANd({—z)=0, j=12,...n.

In this appendix we will prove Lemma 3.4 together with some other results about
invariant forms and functions.

Suppose u € U(n). We will indicate the diagonal action of u on D X D by
u(¢, z) = (ug, uz). If w 1s a differential form on D X D, then u*w is the pull-back of
w under this action. The form w is invariant if u*w = w for every u € U(n).

We will start by characterizing the invariant functions. Obviously,

r=|zf, p=|¢P, w={-z, and w=¢-z

are invariant. Let S = {(r, p,w) ERXRX C:0<r<1,0<p<1,|wP <rp)}.

PROPOSITION A.2. A real analytic function f: D X D — C is U(n) invariant if and
only if there exists a real analytic function g: S — C such that

f(5,2) = g(zP 18R, 2+ ).

Moreover, f uniquely determines g if n = 2, while for n = 1, g is unique modulo the
ideal generated by rp — |w[.

Proor. We will give a proof for n = 2. For n = 1 the proof is similar.
Lety: D X D — S denote the map ¥(¢, z) = (|z,| ¢ 2+ ¢). Then

¥ @(S) > @, (D X D),

mnv

where @(S) denotes the space of real analytic functions on S and &,,, (D X D)
denotes the real analytic functions on D X D which are U(n) invariant. We must
show that ¢* is an isomorphism. Obviously ¢* is one-to-one since ¥ is onto for
n = 2. It suffices to show that ¢ * is onto near each point ({,, z,) € D X D. We will
give the proof when ({,, z,) = (0,0), which is the most difficult case.

Since it suffices to prove that y*(g,) = f, for each homogeneous polynomial f, in
the Taylor expansion of f, we may assume that f € @, (D X D) is a homogeneous

polynomial. Let X = {(A,s,t) € CX R X R} and define ¢: X - C*" X C" by
o(A, s, 1) = (A, 5,0,...,0;£,0,...,0). Then

o*(f)(A,s,t) =f(A,5,0,...,0;£,0,...,0).

The invariance of f implies that

¢*(f)N, s, 1) = o*(/)(A,=s.=t) and ¢*(f)(X,s,1) = ¢*(f)(A, s, ¢).
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Thus ¢*( f) is an even polynomial of degree 2m which is even in 5. Therefore,

o*(f) = 2 aZ(m—j)—kO‘~ X)tk(sz + |>\|2)j«

k+2;<2m

where each a (A, ) is a homogeneous polynomial of degree p. Hence

qb*(lzlsz) = 2 aZ(»li/')»k(tA* IX)IZ(k+j)(SZ + I)\IZ)J

k+2j<m

= %Sy 4w, W)r 7).
For z, { € C” given, there exists u € U(n) with

uz = (|z|.0,....0) = ({r.0.....0)

L A\ — i
w2512 “,0.....0) _ 4‘\/7_7!,0,,“,0 ,
lz] * z| v 4

Therefore ¢* is 1-1. In particular, r™f = Za,,,_,,_(w, w)r**/p/. By rearranging
terms and cancelling powers of r we see that there is a nonnegative integer k, and
polynomials b,(p, w, w) such that

and

N
(A3) rtof= 3 r'b(p.w. W)
k=0
and b, is not identically zero. It remains to show that k, = 0, so suppose k, > 0.
Since b, is not identically zero, there is a p, # 0 and w, # 0 such that by(p,, wy, W,)
# 0. If we evaluate (A.3) at z = p;'/%(wy, £,0,...,0), s = (pg'/2,0,...,0), we get
N

(Ad)  pr(mP + ) F) = 3 (Iwf + 1) belpo, o )
k=0
where F is a polynomial in . The identity between polynomials in the real variable ¢
extends to the complex plane, and if we set = i|w,|, we conclude that
bo(Pgs Wos Wy) = 0, which is a contradiction. Thus k, = 0 and (A.3) expresses f €
@,.,(D X D) as a polynomial in r, p, w and w. This proves f = ¢*(g).
Let @7:7(D X D) denote the space of real analytic forms w on D, X D, which are

mnv.

U(n) invariant and satisfy (A.1), or, equivalently,
w=aANd —z) NN, = 2,),

where a is a 0, p form which satisfies
(A.5) w*a = (detu)'a forallu € U(n).
Let K denote the space of all functions a (= f) satisfying (A.5) (the special case
p=0).
_ THEOREM A.6. (a) Forn = 1, H is the module over @
¢ with relations r{ — wz = w§ — pz = 0.

(b) For n =_2, K is the free module over @, ,(D X D) generated by the function

a =z,8 — 2,8
(c) For n =3, X = {0}.

(D X D) generated by z and

inv.
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PROOF. As in the proof of Theorem A.2 we may assume that f is a homogeneous

polynomial. Consider u(z,..., z,)=1(zy,...,z,_,,~z,). Then
(A7) *(f) = o*(u*f).

If n =3 then ¢*(u*f) = ¢*(f) and, hence, ¢*f = 0, so f = 0, completing the
proof of (c).

For n = 2, the proof is very similar to that of Theorem A.2. The invariance
property (A.7) implies that ¢*f(A,—s, 1) = —¢*f(A, s, t). There are polynomials
Ay(m-jy-k—1 Such that

o*(f)A,s,1) = Szaz(mq’)fk—l(}\’ X)tk(sz + 'MZ)'/'
Hence
o*(rmtf) = SIEGZ(m“j)—k*I(Z}V ’X)’Z(Hj)(sz + |7\|2)j
= ¢*(a202(m—j)—k—l(w»w)rk+jpj)'

From this point the proof proceeds as before.
The proof for n = 1 is left to the reader.
The next result includes Lemma 3.4 as part (b). Let @' "%k — 1,n — k — 1)

denote the space of real analytic forms on D, X D, of ‘bidegree n, n — 2 which
contain exactly k — 1 dz’sandn —k — 1 d{’s. Here | <k <n— 1.

THEOREM A.8. (a) @1,7(D X D) =0 forp <n — 3.
(b)
—1

QLY DXD)= 3 @@ k—1l,n—k—1)

inv. inv.
k=1

and each @"""*(k — 1, n — k — 1) is the free module over @.

(A.9) | '
we=2-d(§—2)NE -d(§ —z2) Aldz-d(§ —2)]* 7 AlaE -d (¢ - z)]"_k“',

(D X D) generated by

PRrOOF. First consider the case n = 2. Wemusthavep =n — 2 =0and k = 1.
(a) 1s vacuous and (b) is just Theorem A.6(b) since

(flz_z - fZZ_l)d(gl —z)Nd(§,—z) = ¢ -d(s - 2)z-d(§ —z) = —w,.
The result for general n will be proved by reduction to the case n = 2 using the

next lemma.

LeMMA A.10. Suppose w € @%F(k — n + p, n — k) has constant coefficients. If
p#n,w=0.Ifp = n, then w is a constant multiple of

[dz-d(§ — 2)]* Aldf -d(s - 2)]" "

ProOF. We will proceed by induction on n. For n = 1 the result is trivial. Suppose
the result is true for n — 1. If w € @%:7(k — n + p, n — k) then there exist forms

mv.,

M0 M2, M3y Mg € @f, (D, X D, ) such that
w:("h +1’2/\dz_n+n3/\d§_n+n4/\dz_n/\dfn)/\d(§n_zn)
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Letuz = (z,,...,2,_,, €"°z,). Then
w=u*w=(en +ny, Ndz, + 3 ANdE, + ey Ndz, NdS,) Nd(S, — 2,,).
Thus n, = n, = 0. By the induction hypothesis
m, = ald -d(§ —2)]“7 A[dfd(s - 2)]"F
my = Bldz - d(§ — )] A[dg-a(s — )]
where o, § € Cand z’ = (z,,...,z,_,,0). Hence
w=af[dz-d(¢ — )] A[dE -d(t - 2)]" " Ndz, Ad(E, - 2,)
+Bldz - d(s — 2)]* A[dE -d(s —2)]" T Adf, A (S, - 2,)
= a(k — D[az-d(§ = 2)]" * A[d -d(s—2)]"
Ndz,_ Nd(§, - —z,0) Nz, Nd(§, — z,
+a(n = k)[dz -d(§ — 2)]*'[af -d(§ - 2)]
NS, Nd(§,_ —z,_) Ndz, Nd(S, — z,)
+Bdz-d( — )" Aldf d(s - 2)]"H
Nz, Nd(§,_, —z,_) NdE, N d(E, — 2,
+B(n — k= D[z -d(¢ — 2)]* A[d -d(s —2)]""
NS, N, =z, ) ANdE, Nd(E, — 2,).
Let uz = (zy,---12,_25 Zp» Z,—,). Then u*w = w, so Bk = a(n — k). Consequently,

there is a constant y such that « = ky and B = (n — k)y. From (A.11) it follows
that

n—hk—1

w=vy[dz-d(¢ — 2)]* A[df -d(¢ - 2)]"*

and the lemma is proved.
For w € @-P(D X D) = @17 define Y(w): D> X D* — A"P(C" X C") by

‘l/(w)({’z):w(gl*gzaov--‘wo;zlqzzgo ..... O)

Clearly

lp(w) c @2.0 ® An—Z.p(Cn—Z X Cn—z) o) @2.! ® A':—Z.p—l(cn—z X Cn—Z)

@&2.2 ® An—Z‘p—Z(Cn—Z X Cn—Z)'
The invariance of w implies that y(w) is invariant under the diagonal action of
U(n — 2) on C"~2 X C"~2, But then Lemma A.10 implies that o =0 if p<n — 3
and Y(w) € @*° ® A" 2" 2if p = n — 2. Suppose w € @77 "*(k — 2, n — k). Then
Y(w) is invariant under U(2) and U(n — 2). Hence the case n = 2 and Lemma A.10
imply that there is a function f(r, w, w, p) such that, with z’ = (z,, z,,0,...,0),
‘P(w) :f(r’w9w’ p)z_l d(§ - Z) N g_/ d(§ - Z)
Aldz-d(§ —2)]* 7 AldE -a(g — )]

= \P(ﬁ-d({ —2)AE -d(§ —z) A[dz-d(§ — 2)]* T A[dE -d(¢ — z)]"_k_l)_
Since  is 1-1 it follows that w = fw, and Theorem A.8(b) is proved.
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Appendix B: A formal identity. Let u and v denote C” valued functions of
z,§ € C”, and consider the important 1,0 forms:

u-d(§—z)

a= p=? -d(§ - z)
u-(§—z)’ v-(§—z)°
where Ehe dot denotes surzlmation from 1 to n.
Let d denote the total 9 on C" X C".

THEOREM B.1.

n—1
anbA Y (3a) ' A(@db)!
j=1

an@a)"""—bA(Bb) '=2

on the complement of the set where either u-({ — z) or v-(§{ — z) vanish.

PROOF.

n—1 ) _ o
Alanb A Y (3a) ' A(3b)" ']
j=1
n—1 _ ) _ ) n—1 _ ) _ )
=bA 3 (day A(@b)" " —an Y (da) " A(Bb)"
J=1 J=1
=aA(da)""' = bA ()"
n—1 ) _ e noo - _ -
+b A Y (3a) A(3b)" 7 —an T (3a) " A (3b)".
j=0 j=1
That is, for any 1,0 forms a and b, we have the useful identity
n—1
(B2) dlanbA I (3a) ' A(ab)" !
j=1
n—1

=aAn(@a)" ' —bA@b) "+ (b—a)A 3 (3a)’ A (3b)" 7.

J=0
Let X = ({ — z)-9/9¢ denote the Euler vector field. Note that
(B.3) XJa=1 and X1b=1.
Since X Jda = -3( X Ja),
(B.4) X19a=0 and X13b=0.

Therefore X J(a N (502" ) = (5c1 )¥ and similarly with a replaced by b.
The form a A b A (da)’ A (db)" /7', j=0,...,n — 1, vanishes identically since
itis of degree n + 1 in d({ — z). Therefore

0=XJ1(aAbA(3a) A (3b)"") = (b—a)A(3a) A(36)"",

completing the proof.

REMARK. The identity B.1 is a very important special case of Theorem 4.10 in
Harvey and Polking [HP1]. We include the proof (of the special case) here so that it
can be modified in the following,.



610 F.R. HARVEY AND J. C. POLKING

Consider the 1, 0 forms

(B.S) o u-d(i—z)‘ ’BEv-d(i—z)

where the denominators in a and b have been replaced by arbitrary scalar functions
A and p of z and ¢.

THEOREM B.6.
n—1
dlanBAS (Ba) ' A (53)""’_'] =a A (3a)" ~ BA(3B)"
j=1

+(1 - (XJa))"ij (W)l ABA(BB) !
J=0

_A[A(1 = (Xda))]

71—

n—1
] g S 3y A (38)
Jj=0
(- (x18)'S aA(sa)m(ﬁv'd(i_—z)) o
Jj=0
F) — n—1 ‘ _ ,
L 3lk( ;EXJB))]O‘ 'S (n g 1Gay (38
j=0

PrOOF. The identity (B.2) remains valid with a replaced by a and b replaced by 8
Therefore, it remains to compute

n—1 ) _ _i
(B—a) A T (da) A(3B)" 7.

J=0

Again the forms a A 8 A (da)’ A (98)" /"' vanish forj = 0,...,n — 1 and, hence,
(B.7)

0=(Xd(an @a))) ABAB)" " = (XABA[B) ) AaA (Ba),
Since da = du-d(¢ — z)/N — (5)\/>\)a, the binomial theorem implies that
- Ju-d(t — J 3

(B8)  (3a) = (_“_%) _0A (

jT/\a/\

E_)u-d(A{—z) )j_'

= (W)l _1% Aa A (50‘)]—1’

XJ(a A (éa)j) = (XJa)(3a) + j(X13a) Aa A (501)}._l
= (XJa)(3a) — ja(Xda) Aa A (da) "

= (3a)’ — (1 — (XJa))(Ba) +;3(1 — (Xda)) A a A (3a) ",
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and using the expansion (B.8) for (da)’ this equals
(3a) — (1 = (X1a))(3u-d(A — z)/A)
+i[8(1 = (X1a)) +(1 = (X 1a))(AA/A)] A a A(Ba)

= (3a)’ —(1 —(XJa))( a“'d(f —2) )l gLt _>EXJa))] a A(Ba) "

Hence
(B.9) Xi(aA(Ba)) = (Ba) = (1 = (Xda))(du-d(s —z)/N)
+i(3[A(1 = (X 1a))]/A) AaA(Ba)

Now, substitution of (B.9) and a similar expression for X J(8 N (38)" /") into the
expression (B.7) proves the theorem.

Appendix C: The new kernel A as a Cauchy principal value current on C" X C".
The kernel

A=Q2ri)"aANBA ”il (3a)’ "' A(3B)""
p=1
T S S ( Sk AC-AL. (k) N
p=t (1=¢- )" (§P1zP = ¢z —2-¢+1)" 7
Ad - d(s = 2)]" Ald(§ - 2)-d(s = 2)]" "
is singular on the set 1 — ¢ -z =0 since
SPIzP =€ 2= 2+ 1=[1=§ 2P+ [zPRP = IE 2P =1~ § -z

However, the kernel A can be defined as a Cauchy principal value current on all of
C" x C".

THEOREM C.1. The form A, which is smooth on C" X C" minus the zero locus of
1 — ¢ -z, defines a Cauchy principal value current on C" X C" by the formula

(C.2) A= lim x 4,
e—0"

where X, denotes the characteristic function of {(§, z): |1 —{ - z|=¢|¢ |}. Moroever,
the kernel A on C" X C" is regular (i.e. A: D(C") - &(C")) and extendable (i.e. A:
&(C") - D(C™)). In particular, for all € D?-9(C"), the principal value integral
(C3) (49)(z) = lim | A($, z) AN o(§)

=07 JlI—¢ - z=ef)
exists with A¢ € &P 174C").

PROOF. It suffices to show that for each point ({,, z,) € C" X C" there exists a
product neighborhood U, X U, such that (C.3) is valid for all ¢ € D”9(U,). If
1 — §yzo # 0 this is automatic since 4 is smooth in a product neighborhood. If
1 — §,z, = 0 then,the change of variables ($, z2) (€182 z) converts 1 — ¢ -z to
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- —2)/1¢P and [§P|zP — ¢ -z — ¢ 2+ 1to]t — z2/|¢ . Now one can easily
check that this change of variables converts the integral (C.3) to an integral covered
by Proposition 5.16 of Harvey and Polking [HP1] (with u(¢, z) = {). Thus Proposi-
tion 5.16 of [HP1] implies that the limit in (C.3) exists and A¢p € D79~ 4(C") is
smooth. The kernel 4 is extendable to &'(C") if and only if the transpose kernel ‘A is
regular. The proof that ‘4 is regular is similar to the above proof that A4 is regular
and is omitted.

REMARK. Since Proposition 5.16 of [HP1] with u(¢, z) = { has been applied to the
proof of Theorem C.1, perhaps it is worth noting that in this case (u = {) the
coordinate change w = @,({), necessary for the proof of Proposition 5.16 of [HP1],
can be alternately described as follows. Choose an orthonormal frame e ({),...,e,({)
near {, # 0 with ¢,(¢) =¢. Let w; = (e,({),§ —z),j = 1,....,n. Then |{ — z* =
|wl and w, = { - ({ — z) are automatic.

Similar results hold for the Szego kernel S and the Bergman kernel K.

THeoreM C.4. The forms S and K, which are smooth on C" X C" minus the zero
locus of 1 — § -z, define Cauchy principal value currents on C" X C" by the formulas

(C.5) § = lim x.5.
(C.6) K= lim K.

Moreover, the kernels S and K on C" X C" are regular and extendable.

The proof is similar to that of Theorem C.1 and is omitted.
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